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Abstract
Auxin has critical roles in plant growth, dependent upon its heterogeneous distribution in tissues. Exactly how
auxin signalling and transport, and developmental processes such as growth coordinate to achieve the precise
patterns of auxin observed experimentally is not well understood. Here we use mathematical modelling to
examine the interplay between these effects and their contribution to formation of patterns in auxin distribution
in plant tissues. Mathematical models describing auxin-related signalling pathway, PIN and AUX1 dynamics,
auxin transport, and cell growth in plant tissues were derived. Models were analysed and solved numerically
to examine the long-time behaviour and auxin distribution. Changes in auxin-related signalling processes were
shown to be able to trigger transition between passage and spot type patterns in auxin distribution. The model
was also shown to be able to generate isolated cells with oscillatory auxin levels which have been observed
experimentally. Cell growth was shown to have strong influence on PIN polarisation and determination of auxin
distribution patterns. Numerical simulation results indicate that auxin-related signalling processes can explain
the different auxin distributions observed in plant tissues, whereas interplay between auxin transport and growth
can explain the ‘reverse-fountain’ pattern in auxin distribution observed at root tips.
1 Introduction
Plant growth and development is tightly controlled by the spatial distribution of the plant hormone auxin. Auxin
distribution patterns are organ-specific [41], and may be classified into two general types: spot and passage patterns.
Spot patterns are characterised by local maxima of auxin concentrations, and are observed in primordium initiation
of leaves and flowers, as well as formation of lateral roots [3, 11]. High concentration of auxin at these points
promotes cell growth and division, leading to organ development. Passage patterns are characterised by files or
networks of (neighbouring) cells which have higher auxin concentrations than those surrounding them, and are
observed principally in the leaves and roots. In developing leaves, auxin distribution becomes arranged in a passage
pattern forming networks, and the leaf veins are formed along these networks [4].
Auxin transport and distribution in a plant tissue are controlled by the auxin-efflux carrier protein PINFORMED
(PIN) [30] and auxin-influx carrier AUXIN RESISTANT1 (AUX1) [60]. PIN is necessary for the formation of
heterogeneous auxin distributions observed in plants [37]. PIN proteins are localised to the plasma membrane of
cells where they are then responsible for active transport of auxin out of the symplast. While it is clear that some
form of feedback mechanism exists that links auxin to the polarisation of PIN [5, 6, 43], the exact nature of this
feedback remains unclear [14, 17]. One key hypothesis for the mode of the feedback mechanism is chemically via
a so-called canalisation effect, where auxin flux through a cell membrane have a positive effect on PIN localisation
to that membrane, however there is also evidence for a strain-based mechanism [23], where PIN is localised to
the membranes with higher mechanical strain. Differential expression of AUX1 is also required for auxin pattern
formation in some tissues [51], however most cells have symmetric distributions of AUX1 [27].
The dynamics and transport of auxin in a plant tissue are also regulated by an auxin-related cellular signalling
pathway. Auxin influences gene expression via the so-called ARF-Aux/IAA signalling pathway [29]. The signalling
pathway describes a mechanism where auxin influences the levels of the gene transcription factor AUXIN RE-
SPONSE FACTOR (ARF), via an interaction with Aux/IAA transcriptional repressors. Thus auxin modulates
gene response by controlling the levels of ARFs, through which it plays a role in primary root growth [57], root hair
formation [61], fruit growth and flowering. It has also been shown that the auxin-related signalling pathway has an
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influence on PIN dynamics by having roles in governing its biosynthesis [39, 54], degradation [1], and polarisation
[47]. Despite the clear importance of the ARF-Aux/IAA signalling pathway however, it is becoming clear that this
mechanism alone is not enough to explain all auxin responses and details of other auxin-related signalling processes
are emerging [31].
Although the interactions between auxin, PIN and auxin-related signalling pathway are essential for the transport
and heterogeneous distribution of auxin in a plant tissue, which are necessary for growth and development of plants,
the exact mechanism of nonlinear coupling between these processes is not yet completely understood. Thus the
use of mathematical models to investigate the validity of possible interaction mechanisms is important to better
understand the dynamics and pattern formation in auxin distribution in plant tissues.
There are several results on mathematical modelling of auxin transport through plant tissues assuming that auxin
influences the polarisation of PIN proteins in cell membranes. The flux-based transport enhancement approach
(canalisation), where flux of auxin out of the cell through the membrane has a positive feedback on the localisation
of PIN to this membrane, has been used to generate realistic branching patterns observed in leaf vein formation
[15, 16], and has also been analysed in [12, 50]. When considering auxin transport through both apoplast and
symplast, the auxin-dependent PIN distribution is modelled by assuming that PIN proteins preferentially localise
towards neighbouring cells with high auxin concentration. This approach was employed to generate spot-type
patterns in auxin distribution observed in phyllotaxis [21, 25] and auxin channels [34]. Further models considering
influence of external auxin carriers on PIN distribution have also had success in capturing passage pattens in
solutions of mathematical models including the apoplast [55], although the biological relevance of this mechanism
has been questioned [14, 17]. The problem of generating different types of patterns in auxin distribution via unified
mechanisms was addressed in [8] by considering the notion of ‘unidirectional fluxes’ with a model based on petri
nets and in [20] where the influence of non-flux-based feedback of auxin on PIN polarisation was described by
auxin-dependent PIN degradation. Both of these models demonstrated that a change in a single parameter could
lead to switching between passage and spot patterns in auxin distribution in a plant tissue. Mathematical models
have also been used to show how the distribution of auxin in the plant root tip is maintained [2, 36]
In this work we derive and analyse novel mathematical models for nonlinear interactions between auxin-related
signalling processes, PIN and AUX1 dynamics, intercellular auxin flux, and growth of a plant tissue. We show that
including the interplay between auxin-related signalling pathway and dynamics of PIN proteins in the mathematical
model for auxin transport allow us to obtain both spot and passage types patterns in auxin distribution, depending
on the values of the model parameter representing the rate of binding of PIN to auxin-TIR1. Using linearised
stability analysis we determine the range of model parameters for which homogeneous, spot, or passage patterns are
stable. This analysis identifies possible mechanisms for the formation of heterogeneous auxin distributions in plants
and possible interaction points between auxin and PIN responsible for homogeneous, spot and passage patterns,
respectively. By considering model parameters that would generate oscillatory dynamics in auxin concentration in a
single cell model of auxin-related signalling pathway, we show that the coupling between PIN dynamics and cellular
signalling processes can explain the formation of oscillatory auxin responsiveness observed in the basal meristem of
plant roots [49]. Numerical simulations of the mathematical model for auxin transport, coupled with PIN dynamics,
signalling processes and auxin-induced growth suggest that auxin-induced cell growth can be one of the mechanisms
underlying the formation of the ‘reverse fountain’ of auxin flow in plant root tip [18]. Modelling and simulations of
interactions between auxin-related signalling pathway and apoplastic auxin transport revealed that in some cases
cellular signalling process alone can account for formation of spot patterns in the auxin distribution in plant tissues.
2 Materials and Methods
It is observed experimentally that cellular auxin mediates the dynamics of PIN via its signalling pathway, whereas
PIN regulates the heterogeneous distribution of auxin in tissues by controlling auxin flux between cells [1, 39, 47, 54].
It is further known that auxin influences the plant growth on the cellular and organ level [13, 42].
In this work, we derive and analyse new mathematical models for nonlinear interactions between auxin flux,
auxin-related signalling pathway, PIN and AUX1 dynamics, and plant cell growth. Incorporating the signalling
and growth processes into mathematical models for auxin transport allows us to investigate the influence of cellular
processes on the distribution of auxin in plant tissues.
Geometric Setting
In our models for auxin dynamics a plant tissue is represented by a regular lattices of N cells of square shape,
equal size and dimensions Fig. 1. In modelling auxin transport through a plant tissue we shall consider two cases:
2
i) assuming direct interactions between neighbouring cells Fig. 1 a) and ii) distinguishing between auxin dynamics
in symplast and apoplast. In the second case we split the apoplast (middle lamella and plant cell walls) so that
each cell has an equal portion of apoplast surrounding it. Then on a regular lattice the geometry of a plant tissue
will be given by squares representing the cell inside, surrounded by four equal, regular trapeziums representing the
apoplast, Fig. 1 b).
Mathematical Model for Auxin-related Signalling Pathway
Auxin is perceived by the TRANSPORT INHIBITOR RESPONSE 1 (TIR1) receptor protein [9, 26]. Upon per-
ception by and direct binding to TIR1, auxin enhances the interactions between TIR1 and Aux/IAA by acting as
a ‘molecular glue’ [53], whereas the enhanced interactions between TIR1s and Aux/IAAs lead to the degradation
of Aux/IAAs [46, 59], see Fig. 2. When auxin concentrations are low, Aux/IAAs repress ARF activity by directly
binding to ARFs and inhibit their transcriptional ability. Correspondingly, a rise in auxin levels leads to degradation
of Aux/IAAs, releasing Aux/IAA repression on ARFs. Hence in the mathematical model, in each cell of a plant
tissue we consider production and degradation of auxin, its binding to TIR1, and dissociation from TIR1.
In [1] it was shown that auxin influences the degradation of PIN proteins via a mechanism similar to that
by which auxin influences the degradation of Aux/IAAs. Auxin is also shown to enhance PIN biosynthesis by
controlling its gene expression through the ARF-Aux/IAA pathway [39, 54]. Overall, this suggests a feedback
mechanism where low levels of auxin lead to auxin transport being inhibited due to repression of PIN biosynthesis,
medium levels of auxin lead to increase in auxin transport due to enhanced biosynthesis of PINs, and high levels
of auxin lead to its transport being inhibited due to enhanced degradation of PIN proteins, Fig. 2. Hence in the
mathematical model, in each cell of a plant tissue we consider production of PIN mRNA from ARFs, degradation
of PIN mRNA, association of PIN to auxin-TIR1 and its dissociation from auxin-TIR1, PIN degradation from the
PIN-auxin-TIR1 complex, PIN binding to and dissociation from ARF, and ARF self-binding and dissociation.
Assuming spatial homogeneity of signalling processes in each cell, the dynamics of auxin signalling pathway on
the cell level can be described by a system of ordinary differential equations
dmi
dt
=
αm1(θffi) + αm2
(
θwwi + ψff
2
i
)
1 + θffi + θwwi + θggi + ψgfipi + ψff2i
− µmmi,
dsi
dt
= − βaaisi + γaci,
dci
dt
= βaaisi − γaci + (γp + µp) ei − βppici,
dei
dt
= βppici − (γp + µp) ei,
dfi
dt
= − 2βff2i + 2γfwi − βgpifi + γggi,
dgi
dt
= βgpifi − γggi,
dwi
dt
= βff
2
i − γfwi,
(1)
completed by initial conditions given by initial concentrations of signalling molecules, where the subscript i denotes
to which cell the variable belongs, 1 ≤ i ≤ N , and N is the total number of cells. Here mRNAs responsible for the
transcription of PIN are denoted by mi, cytosolic PIN is denoted by pi, auxin is denoted by ai, TIR1 is denoted
by si, auxin-TIR1 complex is denoted by ci, PIN-auxin-TIR1 is denoted by ei, ARF monomers are denoted by
fi, ARF-PIN heterodimers are denoted by gi, and ARF2 dimers are denoted by wi. Model (1) is similar to the
model for auxin signalling pathway derived in [35], when considering cytosolic PIN as an auxin-response protein
introduced in [35].
Parameters αm1 and αm2 are the rates of PIN mRNA production due to one and two ARF molecules respectively,
µm is the rate of PIN mRNA degradation, and θf , θw, θg, ψg, and ψf are the binding thresholds to the relevant
binding site of ARF monomers, ARF dimers, ARF-PIN complexes, non-coupled molecules of ARF and PIN, and
two molecules of ARF, respectively, βa and γa are the binding and dissociation rates of auxin and TIR1, βp and
γp are the binding and dissociation rates of PIN and auxin-TIR1, βg and γg are the binding and dissociation rates
of PIN and ARF, βf and γf are the binding and dissociation rates of two ARF proteins, and µp is the rate of
degradation of PIN from the PIN-auxin-TIR1 complex.
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Auxin Transport in Plant Tissues
In the mathematical model for auxin transport in a plant tissue, we consider the dynamics of cellular auxin ai, the
PIN-mediated flux of auxin between neighbouring cells, and the dynamics of cellular pi and membrane-bound Pij
PIN. The index ij denotes the membrane of cell i between two neighbouring cells i and j, e.g. Smij denotes the size
of the portion of the membrane of cell i between cells i and j.
Auxin ai is produced inside the cells with rate αa, degraded with rate µa, and transported between cells by
membrane-bound PIN Pij . Cellular PIN pi is translated from mRNAs with rate αp and its localisation to the
cell membrane depends on the auxin flux through the membrane: stronger auxin flux through specific membrane
portion enhance localisation and leads to higher concentration of membrane-bound PIN Pij in that part of the cell
membrane. Considering homogeneous distribution of membrane-bound PIN on each part of a cell membrane, see
Fig 1, the interplay between auxin flux and PIN dynamics is modelled by a system of strongly coupled nonlinear
ODEs
dai
dt
= αa + γaci − βaaisi − µaai − 1
Vi
∑
i∼j
Smij J
ij
a ,
dpi
dt
= αpmi − βppici + γpei − βgpifi + γggi − 1
Vi
∑
i∼j
Smij J
ij
p ,
dPij
dt
= J ijp ,
(2)
where i ∼ j is short notation for j ∈ {k | cell i neighbours cell k} and Vi denotes the volume of the cell i. The flux
of auxin J ija between neighbouring cells i and j and the localisation of cytosolic PIN pi from cell i to membrane
portion ij facing cell j together with dissociation of membrane-bound PIN Pij back to the cell J
ij
p are given by
J ija = φA (aiPij − ajPji) ,
J ijp = λpiH
(
J ija
)− δpPij ,
where H(J ija ) =
1
1+exp{−h(Jija −θ)}∑
i∼k
1
1+exp{−h(Jika −θ)}
.
(3)
Here H is a function describing the feedback of auxin flux on PIN localisation and is defined such that it is bounded
between 0 and 1, increasing in J ija , and
∑
i∼j H
(
J ija
)
= 1. Parameter φA denotes the rate of PIN-mediated auxin
transport, λ is the maximal rate of PIN localisation to the membrane, δp denotes the rate of PIN dissociation from
the membrane, h is the flux-response coefficient, and θ is the flux threshold for positive feedback. The individual
response terms 1/
[
1 + exp{−h (J ija − θ)}] were chosen such that for fluxes smaller (greater) than a threshold value
θ, i.e. J ija < (>) θ, the individual response would be approximately zero (one), ensuring strong positive feedback
for large auxin fluxes.
Auxin-induced Tissue Growth
It is observed that auxin enhances cell growth [42]. Thus in our model we consider the growth rate of a cell to be
dependent on the concentration of auxin within the cell
dxi
dt
= χ
ai
θa + ai
∏
i∼j
xj
xi
, (4)
where xi denotes the length, either horizontal or vertical, of cell i, χ is the maximum growth rate, and θa is the
threshold for half-maximal auxin-induced growth rate and is chosen such that growth rate will saturate for high
levels of auxin typically seen in veins or spots. The growth of a cell is constrained by the cell wall and adhesion
between cells leading to ‘tissue tension’, where slow growing neighbouring cells will constrain growth of the cell,
and fast growing neighbouring cells will accelerate its growth. Hence in our model we include a simple term for
tissue tension such that growth rate of a cell is scaled by the ratio of the neighbouring cell length to the current
cell length.
When considering signalling processes and auxin and PIN dynamics in a growing tissue, equations (1)-(3) are
4
modified by including the dilution affect due to growth:
dyi
dt
= Fi − 1
Vi
dVi
dt
yi,
dYij
dt
= Fij − 1
Smij
dSmij
dt
Yij ,
(5)
where yi (Yij) denotes concentration of a chemical in cell i (membrane ij), and Fi (Fij) denotes the reaction terms
in the corresponding equations. Since in our model the cell shapes are simplified to be rectangular, Smij is taken to
be the cell length along the appropriate axis, and Vi is the product of the length and width of the cell, where
dVi
dt
and
dSmij
dt
are determined by (4) for the corresponding sides of the cell i.
Strain-dependent PIN Localisation
There is evidence that plasma membranes undergoing higher strains have increased PIN localisation to them [23].
We model this mechanism by considering PIN localisation depending on the strain rate of the corresponding cell
membrane
J ijp =
(
λH
(
J ija
)
+ ν
1
xi
dxi
dt
)
pi − δpPij , (6)
in addition to the auxin flux-related PIN localisation (compare with (3)), where ν is the strain-dependent rate of
PIN localisation to the cell membrane.
Symplast-Apoplast Model for Auxin Transport in Plant Tissues
Mathematical models considering direct flux of auxin between cells (see e.g. [20, 50]) provide a good framework
to analyse the auxin transport through a plant tissue. However along with active transport of auxin in/out of
the cell it is important to consider the effect of passive flux of auxin through the apoplast. As described above,
auxin is transported out of the cell symplast by membrane-bound PIN proteins. Due to the pH gradient between
the apoplast and cytoplasm and weakly acidic nature of auxin, auxin passively diffuses from the cell wall into cell
interiors only at low concentrations, whereas at higher levels auxin is transported into cell symplast by membrane-
bound influx proteins AUX1 [44, 60]. Auxin influx protein AUX1 is synthesised within cells and then is trafficked
to the membrane. Biosynthesis of AUX1 is known to be enhanced by auxin [21]. Contrasting PIN, AUX1 is
symmetrically localised in membranes for most plant cells [27].
Thus when considering both symplast (cell inside) and apoplast (plant cell walls and middle lamella), the
mathematical model for auxin transport through a plant tissue, coupled with cellular signalling processes and
dynamics of PIN and AUX1, in addition to equations (1) and new equations for ai, pi, and Pij , includes the
dynamics of auxin Aij in apoplast, cellular AUX1 ui, and membrane-bound AUX1 Uij :
dai
dt
= αa + γaci − βaaisi − µaai − 1
Vi
∑
i∼j
Smij J
ij
a ,
dAij
dt
=
1
Vij
(
Smij J
ij
a − SwijJ ijA −
∑
j∼k
Sjki J
jk
i
)
,
dPij
dt
= J ijp ,
dpi
dt
= αpmi − βppici + γpei − βgpifi + γggi − 1
Vi
∑
i∼j
Smij J
ij
p ,
dui
dt
= αu
fi
θu + fi
− µuui − 1
Vi
∑
i∼j
Smij J
ij
u ,
dUij
dt
= J iju ,
(7)
where J ija is the flux of auxin between cell i and ij-part of the apoplast, and J
ij
u denotes the localisation of AUX1
from cell i to membrane portion ij together with dissociation of Uij back to the cell. Parameter αu is the maximal
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biosynthesis rate of AUX1, θu denotes the ARF-dependent threshold for half-maximal AUX1 synthesis, and µu is
the degradation rate of AUX1.
The transport of auxin across the ij-part plasma membrane (part of membrane between cell i and ij-part of
apoplast) combines active transport by PIN and AUX1 and a small contribution from passive diffusion. In apoplast
we consider passive diffusion of auxin between neighbouring apoplast compartments, denoted by J ijA and J
jk
i for
different parts of apoplast.
J ija = φa
(
κefa ai − κina Aij
)
+ φpPij
(
κefp
ai
θpa + ai
− κinp
Aij
θpa +Aij
)
+ φuUij
(
κefu
ai
θua + ai
− κinu
Aij
θua +Aij
)
,
J ijA = φA (Aij −Aji) ,
Jjki = φA (Aij −Aik) ,
J iju = ωuui − δuUij ,
J ijp = ωp
(
(1− κp) + κp aj
θap + aj
)
pi − δpPij .
(8)
Here φa is the rate of passive flux of auxin through the cell membrane, φp is the rate of PIN-dependent flux, φu
is the rate of AUX1-dependent flux, and φA is the rate of passive flux of auxin through the apoplast. Parameters
κefa , κ
ef
p , κ
ef
u denote the passive, PIN-dependent, and AUX1-dependent efflux of auxin respectively, and κ
in, κinp ,
κinu denote the passive, PIN-dependent, and AUX1-dependent influx of auxin respectively. Constants θ
p
a, θ
u
a denote
the concentration of auxin for half-maximal transport by PIN and AUX1 respectively. In localization processes,
ωu is the rate of AUX1-membrane localization, δu denotes the rate of AUX1-membrane dissociation, ωp is the rate
of PIN-membrane localization, and δp is the rate of PIN-membrane dissociation. We consider a mechanism for
PIN localisation, proposed in e.g. [21, 25], which, along with spontaneous localization, specifies that higher auxin
concentrations in neighbouring cells will cause PIN localisation to the membranes of the neighbouring cells, where
κp denotes the proportion of PIN localisation that is auxin-dependent and θ
a
p is the half-maximal concentration
of auxin for auxin-dependent PIN localisation. The dependence of PIN localisation on concentrations of auxin
in neighbouring cells is perhaps due to high auxin concentrations driving cell expansion placing strain upon the
neighbouring membrane and thus enhancing the PIN localisation [23].
Numerical Methods and Implementation of Model Equations
Numerical codes for simulations of model equations (1)-(3) are implemented in Python, taking advantage of the
Scipy module [24]. Solutions were obtained using the scipy.integrate.odeint package which solves systems of ODEs
using lsoda from the FORTRAN library odepack which can automatically select to use Adams (stiff) or BDF
(non-stiff) methods, dynamically monitoring data to decide which method should be used.
For numerical simulations we consider two types of initial conditions. To study the interplay between auxin
transport, PIN dynamics and auxin-related signalling pathways, as well as heterogeneous distribution of auxin and
formation of spot and passage patterns, as initial condition we consider a perturbation around the homogeneous
(i.e. flux-less) steady state of system (1)-(3). The homogeneous steady state was first calculated numerically, and
then for each cell the concentrations of auxin and membrane-bound PIN were perturbed, such that they lay within
10% of the steady state value. Those initial conditions were considered for the results shown in Figures 5, 6, 7, 8, 9,
10, and 14. Zero initial conditions, except for PIN-auxin-TIR1 and ARF-PIN, total amount of which is conserved
and the conserved quantities were used as initial conditions, were chosen to examine the emergence of patterns in
the auxin and PIN distribution from no pre-existing auxin concentrations, see Figures 12 and 13. At the external
boundaries of a plant tissue we consider zero-flux or periodic boundary conditions.
Linearized Stability Analysis
Linearized stability analysis of model (1)-(3) is performed to determine how changes in parameter values affect the
auxin distribution in a plant tissue. The simplified domain considered in the stability analysis is a ring of three cells
with each cell having two neighbours and communicating with every other cell in the domain. This is the smallest
domain that can exhibit both spot and passage patterns in auxin distributions. A similar approach was considered
in [20].
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First, steady states solutions of the model equations (1)-(3) are calculated numerically and their type is estab-
lished: homogeneous, i.e. concentrations of auxin and PIN are identical in each cell; passage, i.e. PIN orientation
is the same in each cell establishing a directed loop of auxin flux; or spot, i.e. PIN orientation is such that auxin is
principally transported from two cells into one other cell which has higher auxin concentration than the other two
cells. Next, the Jacobian matrix for the reaction terms in (1)-(3) is evaluated at each steady state and the eigen-
values of the corresponding matrices are computed numerically. Stability of each steady state is then established
based on the sign of the real part of the corresponding eigenvalues.
3 Results
To analyse the effect of auxin-related signalling processes on auxin transport and heterogeneous distribution in a
plant tissue we considered model (1)-(3) for a wide range of parameters corresponding to the coupling between
transport and signalling processes, i.e. the rate of PIN binding to auxin-TIR1 βp, the rate of binding of auxin
and TIR1 βa, and the sensitivity of the flux-feedback function h. Numerical simulations of the mathematical
model suggest that auxin flux and patterns in the auxin distribution depend on βp such that for lower values of
βp, approximately 0 ≤ βp ≤ 1400, we have passage patterns, whereas spot patterns can be obtained for higher
values of βp, approximately 1400 ≤ βp. This can be understood intuitively by observing that higher values of βp
lead to increased PIN degradation in cells with higher concentrations of auxin, hence for larger values of βp high
concentrations of auxin lead to small concentrations of PIN and thus stable influx of auxin into the cell creating
a sink, Fig. 4. Numerical simulation results for the cases of both passage and spot patterns in auxin distribution
are included in Fig. 5 for λ = 5, and in Fig. 6 for λ = 60, since for simulations considering growth we consider
both situations where λ = 5 and λ = 60. Although for illustrative purposes the passage patterns are presented for
periodic boundary conditions (BCs), Figs. 5a), 6a), and the spot patterns for zero-flux BCs, Figs. 5b), 6b), the type
of pattern in the auxin distribution does not depend on the type of boundary conditions, however distinct passage
patterns are more easily generated for periodic BCs.
To investigate the effect of auxin flux and signalling processes on the dynamics of PIN we consider a wide range
of values parameters h, the relative intensity of PIN polarisation due to flux feedback, and βp the binding rate of
PIN to auxin-TIR1 leading to its degradation. The stability analysis shows that as sensitivity of auxin-induced PIN
degradation to auxin increases (βp increases), stable patterns of auxin distribution transit from passage patterns to
homogeneous patterns. Spot patterns are only obtainable for reduced sensitivity of PIN to the auxin flux though
the cell membrane (h decreasing), and sensitivity of auxin-induced PIN degradation close to the transition zone
between passage and homogeneous patterns (βp in the homogeneous pattern parameter space, close to the transition
zone), Fig. 4a). Since it is observed that processes governing direct auxin-PIN interaction in the signalling pathway
have a strong influence on the auxin pattern distribution, we further analyse, by varying parameters βa and βp,
whether auxin binding to TIR1 or PIN binding to auxin-TIR1 have an impact on patterns in auxin distribution.
The stability analysis showed that the rate of PIN binding to auxin-TIR1 has stronger effect on the auxin pattern
distribution than the rate of auxin binding to TIR1, Fig. 4b).
Oscillations in auxin concentrations have been observed experimentally in the protoxylem cells in the root
meristem [49]. Considering the mathematical model for the auxin-related signalling pathway in a single plant cell,
it has been shown in [35] that for certain parameters solutions of the mathematical model can exhibit oscillatory
dynamics. To analyse the effect of auxin transport on the oscillatory behaviour of auxin concentration inside cells
in a tissue, we consider model (1)-(3) with the set of parameters for which oscillations in auxin concentration in the
single cell model would occur. We found that when considering oscillatory set of parameters in all cells in a tissue
and reducing the rate of PIN localisation to the membrane by a factor of 10, i.e. for λ = 0.5, we obtain spot-type
patterns in auxin distribution with the spot cells having oscillations in auxin concentrations, Fig. 7. Assuming that
different cells have different properties of the auxin signalling pathway, in two fixed cells we considered the set of
model parameters that would lead to oscillatory dynamics in a single cell model, with all other cells having standard
parameter values, see Table 1. In this case, no stable oscillations in the auxin dynamics were observed and as the
steady-state distribution of auxin we have minima in auxin concentration in the two fixed cells with maxima in
auxin concentration in neighbouring cells and all other cells having very low concentrations of membrane-bound
PIN (≈ 0.5 µM) and close to homogeneous concentrations of auxin. We further considered model parameters that
would lead to oscillatory dynamics in a single cell model in all cell within a specified radius from the central cell
and standard parameter values in all other cells. In each case, apart from when every cell had parameters that
would lead to oscillatory dynamics in a single cell model, the oscillatory dynamics in auxin concentration were not
persistent (data not shown). This suggests that in order to generate oscillations in the auxin level observed in
protoxylem cells, changes in the signalling pathways in all cells of a plant tissue are required.
7
The precise role of growth and its influence on the distribution of auxin in a plant tissues is still open [28].
Incorporating the tissue growth in the auxin transport model we found that oriented growth has a strong influence
on the overall PIN polarisation across the growing tissue, i.e. PIN preferentially polarises along the axis of growth,
however this effect does not alter the type of patterns in the auxin distribution in a tissue (i.e. passage or spot)
but can alter its distribution, Figs. 9, 10. Homogeneous growth yielded both similar auxin pattern distribution and
PIN polarisation pattern as in the case without growth, however the maximal concentration of membrane-bound
PIN was reduced by approximately 40%, that can be explained by dilution due to growth.
Incorporating strain-dependent localisation of PIN, see equation (6), for equal or stronger weighting between
chemical and mechanical PIN localisations (λ ≥ ν) we obtained similar patterns in auxin distribution, see Figs. 9a)
and 11a). However when mechanical localisation is strongly dominated (λ < ν) a significant reduction in concen-
trations of both auxin and PIN, compared to the cases where λ ≥ ν, is observed, Fig. 11.
To analyse the effect of auxin-related signalling pathway and growth on auxin flux in the plant root tip, we
consider model (1)-(4) on an asymmetric lattice of cells. We assume that growth (cell elongation) occur only along
one axis i.e. down the root, and is activated by high auxin concentrations and constrained by tissue tension. For
consistency with auxin availability in the root, the bulk flow of auxin from shoot to root through the vascular bundle
was simulated by including a source term along the top row of cortex cells. We also included sinks in the epidermis
cells along the top row in some simulations since it is assumed that some auxin is evacuated from the root tip along
the epidermis [52]. The steady state solutions of model equations (1)-(4), considering zero initial conditions, are
presented in Fig. 12. Reverse flow patterns were generated when both growth and source cells were included in the
mathematical model, Fig. 12b). To analyse the effect of strain-induced PIN localisation to cell membranes on auxin
flux in a plant root tip and its reverse flow we considered equation (6) for a range of values of parameters λ (rate of
chemical localisation) and ν (rate of mechanical localisation) such that λ+ ν = 60 (as λ = 60 was used in Fig. 12).
We found that for ν > λ formation of a reverse flow pattern was completely inhibited, but for ν ≤ λ reverse flow
patterns are generated, see Fig. 13, but do not extend along the whole tissue as when λ = 60 and ν = 0, see Fig. 12.
To analyse the effect of passive auxin transport through apoplast on its distribution in a plant tissue we solved
model (1), (7), (8) numerically on a regular lattice of cells. The formation of spot-type patterns in the auxin
distribution as steady-state solutions of model (1), (7), (8) demonstrates a good agreement with results reported
in e.g. [21], see Fig. 14. However for our model that couples auxin-related signalling pathway with PIN dynamics
and auxin transport we observed that even in the case when there was no feedback of auxin on PIN localisation,
the effect of auxin signalling was sufficient to generate spot patterns in auxin distribution. Model (1), (7), (8) is
likely not able to produce passage patterns, since for all variations we tested they were not generated, including
when sink and source cells were specified (data not shown).
Considering for (1), (7), (8) parameter values in the model equations for signalling pathway, for which oscillations
in a single cell model and oscillations in spot cells in the tissue model (1)-(3) are obtained, see i.e. Fig. 7, results in a
loss of heterogeneous patterns of auxin distribution [37], leading to auxin pooling in the apoplast and reduced uptake
and accumulation of auxin within cells (data not shown). Similar disruption of heterogeneous auxin distribution,
and reduced uptake and accumulation of auxin is observed when AUX1 is not included in the symplast-apoplast
model for auxin transport (1), (7), (8) (data not shown), agreeing with experimental observations [60].
4 Discussion
Until recently, one of the main criticisms of the canalisation hypothesis (auxin-flux related localisation of PIN to cell
membrane) was its inability to produce spot patterns in auxin distribution in a plant tissues without any additional
assumptions on cell types (e.g. source/sink cells) [50], despite its accurate capturing of passage patterns [12].
Recent results [8, 20] have shown that it is possible to obtain both spot and passage patterns in auxin distribution
considering the canalisation hypothesis, provided an extra mechanism of either auxin-mediated PIN degradation
or auxin self-induced production is considered. This indicates the importance of intracellular processes for auxin
transport in a plant tissue, which in the models in [8, 20] were defined phenomenologically, without considering main
biological mechanisms underlying those processes. Also mathematical models in [8, 20] are restricted to periodic
boundary conditions, which not always provide best description of biological systems.
In the studies presented here we considered a detailed description of the auxin-related signalling pathway and
its influence on PIN dynamics, which allowed us to identify that the rate of binding of PIN and auxin-TIR1 is key
to determining the patterns of auxin distribution in plant tissues, Fig. 4.
Our results on interactions between signalling and transport processes and the fact that the oscillatory dynamics
in auxin concentration is obtained only when considering modified parameter values in the model equations for
signalling pathway in all cells in the simulated tissue support the hypothesis that experimentally observed oscillations
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in auxin responsiveness is due to an oscillatory Aux/IAA negative feedback loop [35] and suggest that both the
oscillatory feedback loop and PIN-mediated auxin transport through tissue are necessary for the formation of auxin
distributions with local oscillations Fig. 7.
It has been observed that mechanical strain of a plasma membrane enhances PIN localisation to the correspond-
ing membrane [23]. One model to consider such contributions was proposed in [22], which modelled PIN localisation
on the single cell level using a discrete boolean model, approximating continuous dynamical system, and predicted
that mechanical forces could dominate molecular factors during PIN polarisation. Our numerical simulation results
for the coupled auxin flux and tissue growth model (1)-(4) indicate that mechanical forces could dominate the
molecular activity since PIN is preferentially polarised, leading to the formation of auxin gradients, along the axis
of growth, Figs. 9, 10, whereas the strain-induced localisation of cytoplasmic PIN to the membrane, for membrane
strain about certain threshold, had a qualitative effect on the dynamics of auxin and PIN in a growing plant tissue.
Numerical simulation results for mathematical model (1)-(4), (6) also showed that balanced contribution of chemical
activities and mechanical forces to the PIN dynamics does not effect the type of patters in the auxin distribution
in a growing tissue.
Auxin is transported from shoot to root through the stele to the root tip where it is reorganised and then
transported back up towards the shoot in the outer cell layers [18]. This directed auxin flux is commonly known
as ‘reverse-fountain’, and has been observed to be essential for root development [10], for example in specifying the
quiescent center [45] and root responses to gravitropism [52]. Previous mathematical models described reverse flow
in auxin patterns by prescribing polarisation of membrane bound PIN [2, 36, 50]. Our new mathematical model
for auxin transport in a plant tissue, that includes the dynamics of PIN coupled to the auxin-related signalling
pathway, auxin flux and tissue growth, is able to generate reverse flow patterns in the auxin distribution from an
initial condition that does not have pre-established PIN polarity. Our results suggest a plausible mechanism for the
emergence of the ‘reverse fountain’ auxin pattern observed at the root tip: the establishment of the PIN polarity that
generates this characteristic auxin distribution is mechanically generated due to the dilution of PIN along growing
membranes. This hypothesis opens an exciting avenue for further experimental and theoretical investigations of
relations between reverse auxin flow and growth processes in plant tissues, especially in plant roots.
Numerical simulations results for model equations (1), (7), (8) that include auxin transport through the apoplast
demonstrated that interactions between PIN dynamics and auxin-related signalling pathway are sufficient to describe
spot patterns in the auxin distribution, see Fig. 14, without including dependence of PIN localisation on the level
of auxin in neighbouring cells [21, 25]. However a higher number of spots are obtained when both mechanisms are
included in the mathematical model, see Fig. 14. These results suggest some possible conservation of spot-type
patterns of auxin distribution, despite disruption to auxin-mediation of PIN dynamics and auxin active transport.
Note, considering h = 0, i.e. no feedback of auxin on flux, in model (1)-(3) leads to homogeneous auxin distribution.
Considering in model (1), (7), (8) the modified parameter values for the signalling processes, which correspond
to oscillatory auxin dynamics in the single cell model and in the model without apoplast (1)-(3), Fig. 7, leads to
disruption of heterogeneous auxin distribution, and higher levels of auxin pooled in apoplast than within cells,
which is consistent with experimental observations of PIN mutants [37]. Similar disruptions were observed for a
model considering no AUX1 action, again agreeing with experimental results of reduced auxin accumulation in cells
[60]. Together this suggests some balance between the expressions of PIN and AUX1 is important to facilitate
heterogeneous auxin distributions required for stable plant growth. Those results also suggest that auxin transport
through the apoplast has an effect on the dynamics and distribution of auxin and PIN in plant tissues. Further
experimental and theoretical studies of relations between auxin transport through plasmodesmata and through
apoplast are important for a better understanding of auxin dynamics and distribution in plant tissues.
The influence of auxin on root growth is highly complex and still not fully understood [48]. The heterogeneous
distribution of auxin and its flux through plant tissues are responsible for the development of tissues including root
hair [61], vasculature [33], and lateral roots [32], shoot branching [38], flowering [7], and of course primary root
growth [40, 56, 58]. Auxin influences these developmental processes through the Aux/IAA signalling pathway modu-
lating transcription of relevant proteins, however recent results are also exposing control through non-transcriptional
effects downstream of the signalling pathway [13]. Auxin transport depends on the dynamics of PIN polarity [1],
whereas dynamics of PIN depend on auxin-related cellular signalling processes [54]. Considering this nonlinear
coupling between signalling processes, auxin transport and PIN dynamics, we hope that our mathematical model
and analysis of nonlinear interactions between auxin flux, cellular signalling pathway, PIN dynamics, and growth,
as well as hypotheses resulting from our numerical simulation results will contribute to a better understanding of
the role of auxin in root development. Our mathematical model for interactions between signalling processes and
auxin transport can also be generalised to address possible direct effect of auxin-related signalling processes on the
polarisation of PIN [47], once more information about these direct interactions has been found. Further research
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will also include generalisation of our symplast-apoplast model to include auxin transport through plasmodesmata
and to analyse the effect of auxin on transport through plasmodesmata of various signalling molecules [19].
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Figure 1: Schematics of the tissue geometry used for numerical simulations. a) Simple geometry
considering only intracellular space and cell membrane, and auxin flux is considered to occur directly
between cells. b) Schematics of a plant tissue where the domains representing the apoplast are
equality divided between neighbouring cells.
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Figure 2: Schematic of the auxin-related signalling pathway. We assume PIN to be an aux/IAA-type
auxin-response protein, hence PIN has the ability to interact with ARF proteins, and is degraded
due to activation of the auxin-related signalling pathway.
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Figure 1: Schematics of the tissue geometry used for numerical simulations. a) Simple geometry considering only
intracellular space and cell membrane, and auxin flux is considered to occur directly between cells. b) Schematics
of a plant tissue where the domains representing the apoplast are equality divided between neighbouring cells.
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Parameter Description Fig. 5,6,9,10,11 a),b), Figs. 7,8
12,13,14
αm1 ARF-dependent PIN mRNA transcription rate, µM min
-1 0.5 50
αm2 ARF2- and double ARF-dependent PIN mRNA 5 500
transcription rate, µM min-1
θf ARF-DNA binding threshold, µM
-1 1 1
θw ARF2 binding threshold, µM
-1 10 10
ψf double ARF-DNA binding threshold, µM
-2 0.1 0.1
θg ARF + PIN-DNA binding threshold, µM
-1 1 1
ψg ARF-PIN-DNA binding threshold, µM
-2 0.1 0.1
µm PIN mRNA decay rate, min
-1 0.5 0.5
αp PIN translation rate, min
-1 50 50
βp PIN-auxin-TIR1 binding rate, µM
-1 min-1 1000, 2000 50
γp PIN-auxin-TIR1 dissociation rate, min
-1 50 50
µp PIN decay rate, min
-1 50 50
βg PIN-ARF binding rate, µM
-1 min-1 5 5
γg PIN-ARF dissociation rate, min
-1 50 50
βa auxin-TIR1 binding rate, µM
-1 min-1 5 5
γa auxin-TIR1 dissociation rate, min
-1 50 50
βf ARF dimerisation rate, µM
-1 min-1 5 0.05
γf ARF2 splitting rate, min
-1 50 0.5
αa auxin biosynthesis rate, µM min
-1 0.5 0.5
µa auxin degradation rate, min
-1 0.5 0.5
Stot total TIR1 present in cell, µM 10 10
Ftot total ARF present in cell, µM 10 10
Table 1: Parameter values for the model of auxin-related signalling pathway (1), calculated from non-dimensionalised
values in [35].
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Figure 2: Schematic of the auxin-related signalling pathway. We assume PIN to be an aux/IAA-type auxin-
response protein, hence PIN has the ability to interact with ARF proteins, and is degraded due to activation of the
auxin-related sign ll ng pathw y.
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Figure 3: Schematic of PIN-mediated auxin transport between two cells. Auxin (red circles) is
transported from cell i to cell j by the e✏ux protein PIN (blue rectangles). In mathematical
models, the concentration of auxin in cell i is denoted by ai, and the concentration of PIN localised
to the portion of cell i ’s membrane which neighbours cell j is denoted Pij . The flux of auxin from
cell i to cell j is denoted by J ija , and is assumed to feedback on the localisation of PIN to membrane
portion ij between cells i and j.
Figure 4: Rate of PIN binding to auxin-TIR1 is key for determining eventual auxin distribution.
Left: linearised stability analysis for model (1)-(3) show large parameter spaces generating stable
passage (blue) and homogeneous (red) patterns, but only small range of parameters where stable
spot patterns may be generated (orange). Right: linearised stability analysis for model (1)-(3) reveal
that the rate of PIN binding to auxin-TIR1  p has larger impact on the auxin pattern distribution
than the rate of auxin binding to TIR1  a. Those results also suggest that  p has key influence on
the stability of homogeneous steady states, with stability being established for higher values of  p.
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Figure 3: Schematic of PIN-mediated auxin transport between two cells. Auxin (red circles) is transported from
cell i to cell j by the efflux protein PIN (blue rectangles). In mathematical models, the concentration of auxin in
cell i is denoted by ai, and the concentration of PIN localised to the portion of cell i ’s membrane which neighbours
cell j is denoted Pij . The flux of auxin from cell i to cell j is denoted by J
ij
a , and is assumed to feedback on the
localisation of PIN to membrane portion ij between cells i and j.
Parameter Description Fig. 5,9,10 Fig. 6,12 Fig. 7,8 Fig. 11
φA PIN-dependent auxin transport rate, µM
-1min-1 0.5 0.5 0.5 0.5
λ PIN membrane localisation rate, µm min-1 5 60 0.5 2.5,0.5
ν strain-dependent PIN localisation rate, µm min-1 0 0 0 2.5,4.5
δp PIN membrane dissociation rate, min
-1 0.5 0.5 0.5 0.5
h sensitivity of PIN localisation to auxin flux 50 50 50 50
θ auxin flux threshold, µm µM2 0.4 0.4 0.4 0.4
χ maximal cell growth rate, µm min-1 0.1 0 0 0
Table 2: Parameter values for flux-based processes in model equations (2)-(4),(6)
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Figure 4: Rate of PIN binding to auxin-TIR1 is key for determining eventual auxin distribution. Left: linearised
stability analysis for model (1)-(3) show large parameter spaces generating stable passage (blue) and homogeneous
(red) patterns, but only small range of parameters where stable spot patterns may be generated (orange). Right:
linearised stability analysis for model (1)-(3) reveal that the rate of PIN binding to auxin-TIR1 βp has larger impact
on the auxin pattern distribution than the rate of auxin binding to TIR1 βa. Those results also suggest that βp has
key influence on the stability of homogeneous steady states, with stability being established for higher values of βp.
Figure 5: Mathematical model including auxin signalling can generate both passage- and spot-type patterns of
auxin distribution. Numerical solution of model (1)-(3) on a regular lattice of cells with λ = 5. Green colour
represents the concentration of cellular auxin, darker shades correspond to higher concentrations. Magenta colour
represents the concentration of membrane-bound PIN, darker shades correspond to higher concentrations. Left:
for low values of the rate of PIN binding to auxin-TIR1 βp, here βp = 1000, passage patterns of auxin distribution
are formed, using periodic boundary conditions. Right: for higher values of βp, here βp = 2000, spot patterns of
auxin distribution can be formed, here red borders indicate spots, usin zero-flux boundary conditions. All other
parameter values are described in Tables 1 and 2.
16
Figure 6: Mathematical model including auxin signalling can generate both passage- and spot-type patterns of
auxin distribution. Numerical solution of model (1)-(3) on a regular lattice of cells with λ = 60. Green colour
represents the concentration of cellular auxin, darker shades correspond to higher concentrations. Magenta colour
represents the concentration of membrane-bound PIN, darker shades correspond to higher concentrations. Left: for
low values of the rate of PIN binding to auxin-TIR1 βp, here βp = 1000, passage patterns of auxin distribution are
formed, boundary conditions are periodic. Right: for higher values of βp, here βp = 2000, spot patterns of auxin
distribution can be formed, here red borders indicate spots, boundary conditions are zero-flux. All parameter values
are described in Tables 1 and 2.
Figure 7: Oscillatory dynamics in the components of the auxin signalling pathway for appropriate rates of PIN
membrane localisation. Numerical solution of model (1)-(3) on a regular lattice of cells, with zero-flux boundary
conditions, and a parameter set listed in Table 1 that generates oscillatory dynamics in a single cell model for
auxin-related signalling pathway, left λ = 5, right λ = 0.5. For λ = 5 the concentration of PIN on cell membranes
rises above physically realistic ranges and numerical solutions display no oscillatory dynamics. For λ = 0.5 PIN
concentration is reduced to within physically realistic ranges and single spot cells with oscillating concentrations of
auxin and cytoplasmic PIN are generated.
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Figure 8: Oscillatory dynamics are tissue-dependent and robust to growth. Left: numerical solution of model
(1)-(4) on a regular lattice of growing cells with oscillatory parameters, see Tables 1,2, and zero-flux boundary
conditions. Oscillatory dynamics are preserved on the growing tissue however the locations of some oscillatory
cells have shifted. Right: numerical solution of model (1)-(3) on a regular lattice of cells, with zero-flux boundary
conditions. Oscillatory parameters have been set for cells (5,4) and (5,7), all other cells have standard parameter
values, see Tables 1 and 2. For specified oscillatory cells, oscillatory dynamics are not preserved.
Figure 9: PIN polarisation aligns with oriented cell growth. Numerical solution of model (1)-(4) on a regular lattice
of cells, starting from the same initial conditions as in Fig. 5, but with cells undergoing auxin-dependent, horizontal
growth. Growth does not change the pattern type, but does alter the overall polarisation pattern of PIN in the
tissue leading to much stronger PIN polarisation along the axis of growth. All parameters are described in Tables 1
and 2. Left: periodic boundary conditions; right: zero-flux boundary conditions.
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Figure 10: PIN polarisation aligns with oriented cell growth. Numerical solution of model (1)-(4) on a regular
lattice of cells, starting from the same initial conditions as in Fig. 5, but with cells undergoing auxin-dependent,
vertical growth. Growth does not change the pattern type, but does alter the overall polarisation pattern of PIN
in the tissue leading to much stronger PIN polarisation along the axis of growth. All parameters are described in
Tables 1 and 2. Left: periodic boundary conditions; right: zero-flux boundary conditions.
Figure 11: Relative weighting of chemical and mechanical feedback on PIN localisation Numerical solution of model
(1)-(4),(6) on a regular lattice of cells, starting from the same initial conditions as in Fig. 5, but with cells undergoing
auxin-dependent, horizontal growth, and with strain-dependent PIN localisation. Left: λ = 2.5, ν = 2.5; Right:
λ = 0.5, ν = 4.5. When λ ≥ ν patterning is not disturbed much from the case with strain-independent PIN
localisation, see Fig. 9, however when λ < ν it is significantly altered. All parameters are described in Tables 1 and
2, boundary conditions are periodic.
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Figure 12: Influence of tissue growth on PIN polarisation contributes to the formation of ‘reverse-fountain’ auxin
distribution patterns at the root tip. Numerical solution of model (1)-(4) on a) growing and b) non-growing root
tip, with source cells corresponding to auxin flow from the shoot and sink cells to reverse flow through the epidermis.
The source and sink cells are located within the top row of eight cells, the source cells are the central four cells and
the sink cells are the other four cells. When the model is solved with growing cells and including both source and
sink cells, the steady state auxin distribution pattern resembles observed at the root tip in biological samples, and
exhibits the characteristic ‘reverse-fountain’ orientation of membrane-bound PIN proteins. Model parameters are
described in Tables 1 and 2, with zero-flux boundary conditions.
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Figure 13: Strain-induced PIN localisation does not significantly effect the formation of reverse flows when weighted
equally or below chemically-induced localisation. Model (1)-(6) solved on a regular lattice of growing cells, with
source and sink cells as in Fig. 12. Left: λ = 30, ν = 30; right λ = 10, ν = 50. Although exact pattern formation
is not conserved for the λ ≥ ν case, a reverse fountain pattern is still generated. All parameters are described in
Tables 1 and 2, boundary conditions are zero-flux.
Figure 14: For the symplast-apoplast model, number of spot cells in auxin distribution depends on κp, the fraction of
PIN localisation that is due to auxin-related feedback. Values of κp from left to right: 0, 0.5, 1, all other parameters
are described in Tables 1 and 3. As κp increases, so does the number of spot cells. Note that it is possible for spots
to be generated with no feedback (κp = 0), and the spot cells generated in this case remains for all values of κp.
Boundary conditions are zero-flux.
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Parameter Description Fig. 14
αu AUX1 biosynthesis rate, µM min
-1 1
µu AUX1 degradation rate, min
-1 0.5
θu saturation of auxin-induced AUX1 biosynthesis, µM 1
φa auxin membrane permeability, µm min
-1 10
κefa fraction of protonated auxin in cell 0.004
κina fraction of protonated auxin in wall 0.24
φp PIN-induced auxin membrane permeability, µm min
-1 30
κefp effective PIN-induced auxin efflux 4.67
κinp effective PIN-induced auxin influx 0.034
θpa saturation of PIN-induced auxin transport, µM 1
φu AUX1-induced auxin membrane permeability, µm min
-1 30
κefu effective AUX1-induced auxin efflux 0.045
κinu effective AUX1-induced auxin influx 3.56
θua saturation of AUX1-induced auxin transport, µM 1
φA rate of auxin diffusion in apoplast, µm min
-1 67
ωu rate of AUX1 localisation to membrane, µm min
-1 1
δu rate of AUX1 dissociation from membrane, min
-1 0.1
ωp maximum rate of PIN localisation to membrane, µm min
-1 1
κp fraction of PIN localisation due to auxin feedback 0,0.5,1
θap threshold for half-maximal auxin-dependent PIN localisation, µM 1
δp rate of PIN dissociation from membrane, min
-1 1
Table 3: Parameter values for the auxin flux and PIN and AUX1 dynamics considered in model (1), (7), (8), from
[21].
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